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Abstract
We show the complete integrability of N = 2 nonstandard KP
flows establishing the biHamiltonian structures. One of Hamiltonian
structures is shown to be isomorphic to the nonlinear N = 2 Wˆ∞
algebra with the bosonic sector having Wˆ1+∞ ⊕ Wˆ∞ structure. A
consistent free field representation of the super conformal algebra is
obtained. The bosonic generators are found to be an admixture of
free fermions and free complex bosons, unlike the linear one. The
fermionic generators become exponential in free fields, in general.
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1. Introduction
The close relationship between the conformal algebras and the rich symme-
try associated with integrable systems is well understood. The Hamiltonian
structures of the integrable hierarchies have been found to be isomorphic to
the various higher spin conformal algebras at the classical level. This was
realized when it was shown that the Wn algebra incorporates in its classical
limit the Hamiltonian structure of the nonlinear integrable systems i.e. the
generalized nth KdV hierarchy [1, 2, 3]. This technique of obtaining classical
conformal algebras through the integrable hierarchies is indeed a powerful
one and its importance was recognized when the existence of a new higher
spin conformal algebra was realized at the classical level [4]. Prior to this all
the known conformal algebras were obtained first in terms of free fields via
the bootstrap approach and subsequently their relation to the symmetries of
the integrable hierarchies was obtained.
Generalized KdV hierarchy, in general, is significant in its own right be-
cause of its rich symmetry structures. But it becomes physically more rele-
vant since the equations of motion and symmetries of 2D quantum gravity
[5] can be formulated in terms of KdV-like equations.
The KP hierarchy incorporates all KdV hierarchies [6] and thus there
exists the distinct possibility that it is the bedrock of 2D quantum gravity [7].
It was believed that the large n limit of Wn algebra, namely W1+∞ and W∞
algebras would provide the necessary framework in this direction. The naive
approach to the large n limit, however, gives rise to linear algebras which
are truly infinite dimensional symmetry algebras containing all the conformal
spins [8], but the fact that they are linear prevents them from being the right
candidates for universal algebras, there being no straightforward mechanism
which effectively truncates the spin content of these algebras and produces
the nonlinear features ofWn. A nonlinear realization of the W algebra namely
Wˆ∞ algebra was obtained by the bootstrap approach and identified with the
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2nd Hamiltonian structure of the KP hierarchy [9, 10]. It is a universal W
algebra containing all Wn algebras. This was obtained by associating the
symmetry algebra of the SL(2, R)k/U(1) coset model with the Wˆ∞ algebra
characterized by the label k and then by showing that the symmetry algebra
truncates to Wn algebra for k = −n [11].
Subsequently Manin and Radul [12] provided the supersymmetric exten-
sion of the KP hierarchy, and this was based on the odd parity superLax for-
mulation. But construction of the Hamiltonian structure for odd parity Lax
operator, following the Drinfeld Sokolov formalism, is not well understood
yet [13]. Later on, an even parity Lax operator associated with supersym-
metric KP hierarchy was obtained [14, 15] and a supersymmetric extension
of the linear W algebra was realized [16]. The connection of the N = 2 super
KdV hierarchies with affine Lie algebras was demonstrated by Inami and
Kanno [17, 18] which is a step forward towards an N = 2 super analogue of
the Drinfeld Sokolov formulation. This indicates that there ought to be con-
sistent N = 2 superLax formulation of the super KP hierarchy which should
be Hamiltonian with respect to the super Gelfand Dikii bracket of the second
kind and also should reduce to the Lax operators considered by Inami and
Kanno under suitable reduction. Consequently, the existence of a nonlinear
realization of the super Wˆ∞ algebra [4] may be shown through the super KP
formulation. Unlike all other known conformal algebras, there is no boot-
strap approach to find the higher spin extension of N = 2 superconformal
algebra, namely the super Wˆ∞ algebra through the free field representations.
While the bosonic KP hierarchy and their connection to matrix model
have been studied extensively, not much is known about the higher spin ex-
tension of N = 2 superconformal symmetry. Moreover, conventional formu-
lation of the supersymmetric matrix model failed to describe nonperturbative
superstring theory; it gives nothing but the ordinary matrix model [19].The
super KP formalism may throw some light in this direction even if no super
symmetric extension of the matrix model can be formulated.
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Renewed interest in the study of N = 2 and N = 4 supersymmetry in the
context of quantum gravity and their connections with integrable systems,
opened up a series of studies relating to the symmetry structures of N = 2
and N = 4 supersymmetric integrable models [20]. A major breakthrough
in recent times is the nonperturbative solution of N = 2 super Yang-Mills
equation and their connection with integrable systems [21]. Investigations
have also been made in recent times to obtain τ functions for supersymmet-
ric integrable hierarchies [22]. Motivated by these works, we intend to further
explore the super Wˆ∞ algebra and particularly its free field representation,
the significance of which cannot be overestimated since the underlying repre-
sentation of a conformal field theory is essentially a free field representation.
Moreover it plays a major role in the classification of various conformal al-
gebras. Further, the quantization of classical symmetry algebras becomes
straightforward in terms of free fields.
In this paper, we show that nonstandard supersymmetric KP flows fol-
lowing the Gelfand Dikii method, are biHamiltonian. We further show that
one of the Hamiltonian structures is a candidate for a higher spin extension of
N = 2 superconformal algebra and has the required number of spin fields and
the bosonic sector of the algebra has the right structure with two commuting
sets of bosonic generators. We will also obtain the free field representation
of the generators which turns out to be nonlinear. The generators in the
fermionic sector are exponential in the free fields. It will be apparent that in
the bosonic sector the representation of generators are not trivial extensions
of linear representation. However, unlike the linear symmetry algebras, all
the generators cannot be expressed in terms of the free fields in a closed form.
A few of the lower order generators are explicitly written down and an algo-
rithm for constructing higher order generators will be indicated. This brings
us closer to establishing that super Wˆ∞ is a universal symmetry containing
all finite dimensional bosonic and N = 2 supersymmetric W algebras.
The organization of the paper is as follows. In section 2 we introduce
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the N = 2 super KP model and obtain its biHamiltonian structures through
the Gelfand Dikii method. This establishes the complete integrability of
the system. In section 3 we show that the second Hamiltonian structure of
N = 2 super KP hierarchy exhibits the appropriate structure of a super Wˆ∞
algebra. In particular, the bosonic sector of this nonlinear algebra is shown to
possess the required W1+∞⊕W∞ structure. We obtain a nonlinear free field
representation of the bosonic and fermionic generators in a suitable basis in
section 4. Unlike the linear representation of the bosonic generators which
was in terms of bilinears of free fields – either fermionic or bosonic; here the
consistent free field representation of these algebras comprises an admixture
of free fermions and free complex scalar fields. Section 5 is the concluding
one.
2. N = 2 Super KP Hierarchy and biHamil-
tonian structures
In an earlier work [4], it was shown that with an even parity superLax op-
erator the Hamiltonian structure leading to a nonlinear super Wˆ∞ algebra
becomes local, thus making it a right candidate for a universal symmetry
algebra containing all finite dimensional bosonic as well as N = 2 super-
symmetric algebras. For completeness and future reference we mention the
explicit forms of the Hamiltonian structure and the dynamical equations of
the N = 2 super KP hierarchy. The super Lax operator of the associated
N = 2 super KP hierarchy is given by
L = D2 +
∞∑
i=0
ui−1(X)D
−i (2.1)
where, D is the superderivative with D2 = d/dx and ui−1(X) are superfields
in X = (x, θ) space, θ being Grassmann odd coordinate. The grading of
ui−1(X) is |ui−1| = i so that u2i−1 are bosonic superfields, whereas u2i are
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fermionic ones.
The local Poisson bracket algebra among the coefficient fields ui−1(X)
can be obtained following the method of Gelfand and Dikii [4]. This has the
explicit form
{uj−1(X), uk−1(Y )}2 =

− j+1∑
m=0
[
j + 1
m
]
(−1)j(k+m+1)+[m/2]uj+k−mDm
+
k+1∑
m=0
[
k + 1
m
]
(−1)jm+(k+1)(m+1)Dmuj+k−m
+
j−1∑
m=0
k−1∑
l=0
([
j
m+ 1
] [
k
l + 1
]
−
[
j − 1
m
] [
k − 1
l
])
(−1)j(m+1)+k+l+[m/2]
×uj−m−2Dm+l+1uk−l−2
+
k−1∑
n=0
k−n−1∑
l=0
[
k − n− 1
l
]
(−1)j(n+l)+(l+1)(n+k+1)un−1Dluj+k−n−l−2
−
j+k−n−l−1∑
m=0
k−1∑
n=0
k−n−1∑
l=0
[
j − 1
m
] [
n+ l − 1
l
]
(−1)j(m+n+l+k+1)+n(l+1)+[m/2]
×uj+k−m−l−2Dm+lun−1
]
∆(X − Y ) (2.2)
Notice that the symmetry algebra (2.2) possesses the following features
of interest.
1. The algebra is antisymmetric and satisfies the Jacobi identity.
2. The lowest subalgebra contains two super fields, namely u−1(X) and
u0(X) and becomes isomorphic to the classical analogue of the N = 2 super
conformal algebra.
3. The Hamiltonian structure along with conserved quantites [4] provides
a set of dynamical equations of the N = 2 KP hierarchy consistent with the
nonstandard flow equation, namely
dL
dtn
= [Ln>0, L] (2.3)
where the super Lax operator L is given in (2.1). In (2.3) ‘> 0’ implies
the +ve part of Ln without D0 term. The significance of nonstandard flow
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equation becomes apparent from the explicit forms of the following set of
dynamical equations. In fact, the nonstandard flows provide the nontrivial
dynamics to the the lowest superfield u−1 which is instrumental in making the
Poisson bracket structure (2.2) local. The evolution equations corresponding
to the lowest three time-flows of the hierarchy which follow from (2.1,2.2) are
given below for completeness and for future reference.
dui−1
dt1
= u
[2]
i−1
dui−1
dt2
= 2u
[2]
i+1 + u
[4]
i−1 + 2u0u
[1]
i−1 + 2u−1u
[2]
i−1 − 2
[
i+ 1
1
]
uiu
[1]
−1
−2(1 + (−1)i)u0ui + 2
i−1∑
m=0
[
i
m+ 1
]
(−1)i+1+[−m/2]ui−m−1u[m+1]0
+2
i−1∑
m=0
[
i+ 1
m+ 2
]
(−1)[m/2]ui−m−1u[m+2]−1
dui−1
dt3
= 3u
[2]
i+3 + 3u
[4]
i+1 + u
[6]
i−1 + 6u−1u
[2]
i+1 + 3u−1u
[4]
i−1
−3
[
i+ 3
1
]
ui+2u
[1]
−1 + 3
[
i+ 3
2
]
ui+1u
[2]
−1 + 3
[
i+ 3
3
]
uiu
[3]
−1
−3(1 + (−1)i)u0ui+2 + 3u0u[1]i+1 − 3(−1)iu0u[2]i + 3u0u[3]i−1
+3
[
i+ 2
1
]
(−1)iui+1u[1]0 − 3
[
i+ 2
2
]
(−1)iuiu[2]0
+3(u1 + 2u
[2]
−1 + u
2
−1)u
[2]
i−1 − 3
[
i+ 1
1
]
ui(u1 + u
[2]
−1 + u
2
−1)
[1]
+3(u2 + 2u−1u0 + u
[2]
0 )u
[1]
i−1 − 3(1 + (−1)i)(u2 + 2u−1u0 + u[2]0 )ui
−3
i−1∑
m=0
[
i+ 3
m+ 4
]
(−1)[m/2]ui−m−1u[m+4]−1
−3
i−1∑
m=0
[
i+ 2
m+ 3
]
(−1)i+[−m/2]ui−m−1u[m+3]0
+3
i−1∑
m=0
[
i+ 1
m+ 2
]
(−1)[m/2]ui−m−1(u1 + u[2]−1 + u2−1)[m+2]
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+3
i−1∑
m=0
[
i
m+ 1
]
(−1)i+[−m/2]ui−m−1(u2 + 2u−1u0 + u[2]0 )[m+1] (2.4)
In order to show the dynamical equations associated with the nonstandard
flows are completely integrable, we show the existence of another Hamiltonian
structure making the N = 2 supersymmetric KP hierarchy biHamiltonian.
The super Gelfand Dikii bracket of the first kind is defined by
{FP (L), FQ(L)}1 = −Tr ([P,Q]L) = −Tr ([L, P ]Q) (2.5)
where P and Q are the auxiliary fields defined as
P =
∞∑
j=−2
Djpj ; Q =
∞∑
j=−2
Djqj (2.6)
with the grading |pj| = |qj| = j so that the linear functional FP (L) (and
similarly FQ(L)) becomes
FP (L) = Tr(LP ) =
∞∑
i=0
∫
dX(−1)i+1ui−1(X)pi−1(X) (2.7)
Consequently the L.H.S. of (2.5) becomes
{FP (L), FQ(L)} =
∞∑
i,j=0
∫
dX
∫
dY (−1)i+jpi−1(X) {ui−1(X), uj−1(Y )} qj−1(Y )
(2.8)
Notice that (2.8) does not involve terms like p−2 and q−2 since the superfields
begin from u−1(X) in the Lax operator (2.1). This consistency is ensured by
setting the coefficient of the D term in the commutator [L, P ] to zero. This
leads to the constraint
p−1 =
∞∑
j=−1
p
[2j+2]
2j+1 +
∞∑
i,m=0
(−1)iui−1p[2m]i+2m+1
+
∞∑
j=0
j−1∑
m=0
[
j
m
]
(−1)j(m+1)(pjuj−m−2)[m] (2.9)
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Using the constraint (2.9) we obtain from (2.8) the following Poisson bracket
among the superfields
{ui−1(X), uj−1(Y )}1 =
[
−δi,0Dj+1 + (−1)[i/2]δj,0Di+1
−
i+j−1∑
m=0
(−1)i(j+m+1)+[m/2]
[
i− 1
m
]
ui+j−m−2D
m
−
i+j−1∑
m=0
(−1)m(i+1)+j(m+1)
[
j − 1
m
]
Dmui+j−m−2

∆(X − Y ) (2.10)
It is seen however, that the first Hamiltonian structure above does not cor-
rectly reproduce the equations of motion (2.4). This inconsistency arises
because the superLax operator considered is not a pure differential operator
and was observed also in other cases involving pseudo-differential operators
[9, 15]. This indicates, like previous cases, a modification of Hamilton’s equa-
tion and consequently the Hamiltonian structure is required. If we modify
Hamilton’s equation of motion to the form given below,
dui−1(X)
dtn
= {ui−1(X), Hn+1}1
−(−1)i
∫
dY {ui−1(X), u−1(Y )}1 sResLn(Y )
−(−1)i
∫
dY {ui−1(X), u0(Y )}1 sRes
(
LnD−1(Y )
)
(2.11)
where
sResLn(X) =
∞∑
j=0
δj,0
δHn+1
δuj−1(X)
=
∞∑
j=0
j−1∑
l=0
[
j − 1
l + 1
]
Dl−1uj−l−2(X)
δHn+1
δuj−1(X)
(2.12)
and
sResLnD−1(X) =
∞∑
j=0
(−1)jDjX
δHn+1
δuj(X)
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=
∞∑
j=0
j−1∑
l=0
{
(−1)jD−2uj−l−2(X)DlX +
[
j − 1
l
]
×(−1)l(j+1)Dl−2X uj−l−2(X)
} δHn+1
δuj−1(X)
, (2.13)
it reproduces the equations of motion correctly. Substituting (2.12) and
(2.13) in (2.11), the equation of motion can be rewritten in the form
dui−1(X)
dtn
= {ui−1(X), Hn+1}1˜ (2.14)
which eventually leads us to the correct form of the first Hamiltonian struc-
ture as
{ui−1(X), uj−1(Y )}1˜ =
− i+j−1∑
m=0
{[
i− 1
m
]
(−1)i(j+m+1)+[m/2]ui+j−m−2Dm
+
[
j − 1
m
]
(−1)m(i+1)+j(m+1)Dmui+j−m−2
}
+
i−1∑
m=0
j−1∑
l=0
{[
j − 1
l + 1
]
(−1)m(i+1)+j+[m/2]Dmui−m−2Dl−1uj−l−2
−
[
i− 1
m+ 1
]
(−1)[−m/2]ui−m−2Dm−1uj−l−2Dl
+
[
i− 1
m
] [
j − 1
l + 1
]
(−1)j+i(m+1)+[m/2]ui−m−2Dm+l−1uj−l−2
+
[
i− 1
m+ 1
] [
j − 1
l
]
(−1)(l+1)(j+1)+[−m/2]
×ui−m−2Dm+l−1uj−l−2
}]
∆(X − Y ) (2.15)
which provides the dynamical equations of the hierarchy associated with the
super Lax operator (2.1) and the nonstandard flows (2.3). It is evident that
the above Hamiltonian structure is manifestly antisymmetric and satisfies the
Jacobi identity. But this Hamiltonian structure, unlike the earlier one (2.2),
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is nonlocal and may not be associated with the conformal symmetry. This
feature is noticed in other supersymmetric integrable hierarchies also that one
of the two Hamiltonian structures becomes nonlocal [15]. The existence of
two Hamiltonian structures, nonetheless, confirms the complete integrability
of the even parity super KP hierarchy.
3. Nonlinear Super Wˆ∞ Algebra
In this section we show that the local superalgebra (2.2) obtained in the
previous section is a higher spin extension of N = 2 conformal algebra con-
taining all conformal spins. The nonlinear nature of superalgebra endows it
with rich algebraic structures.
If the super fields are expressed in component form as
u2i−1(X) = u
b
2i−1(x) + θu
f
2i−1(x),
u2i(X) = u
f
2i(x) + θu
b
2i(x) (3.1)
the odd bosonic fields ub2i−1(x) have conformal weights i + 1, whereas the
even bosonic fields ub2i(x) have conformal weights i+ 2 (i = 0, 1, 2, . . .), with
respect to the stress tensor
T (x) = ub0(x)−
1
2
∂xu
b
−1(x) (3.2)
On the other hand, both odd fermionic fields uf2i−1(x) and even fermionic
fields uf2i(x) have conformal weights i +
3
2
(i = 0, 1, 2, . . .) with respect to
the same stress tensor (3.2). The stress tensor T (x) belongs to the N = 2
conformal algebra being a subalgebra of (2.2). The conformal weights of the
component fields are evident from the following relations.
{T (x), ub2i−1(y)} =
[
(i+ 1)ub2i−1(y)∂y + (u
b
2i−1(y))
′
−
i−2∑
m=0
(−1)m
(
i
m+ 2
)
ub2i−2m−3(y)∂
m+2
y
10
−1
2
i−1∑
m=0
(−1)m
(
i
m+ 1
)
ub2i−2m−3(y)∂
m+2
y
]
δ(x− y)
{T (x), ub2i(y)} =
[
(i+ 2)ub2i(y)∂y + (u
b
2i(y))
′
−
i−2∑
m=0
(−1)m
(
i+ 1
m+ 2
)
ub2i−2m−2(y)∂
m+2
y
+
1
2
i−1∑
m=0
(−1)m
(
i+ 1
m+ 1
)
ub2i−2m−1(y)∂
m+2
y
]
δ(x− y)
{T (x), uf2i−1(y)} =
[
(i+
3
2
)uf2i−1(y)∂y + (u
f
2i−1(y))
′
−
i−2∑
m=0
(−1)m
(
i
m+ 2
)
uf2i−2m−3(y)∂
m+2
y
+
1
2
i−1∑
m=0
(−1)m
(
i
m+ 1
)
uf2i−2m−3(y)∂
m+2
y
]
δ(x− y)
{T (x), uf2i(y)} =
[
(i+
3
2
)uf2i(y)∂y + (u
f
2i(y))
′
−
i−2∑
m=0
(−1)m
(
i+ 1
m+ 2
)
uf2i−2m−2(y)∂
m+2
y
]
δ(x− y) (3.3)
This ensures the presence of a nonlinear supersymmetric conformal algebra
in the Hamiltonian structure (2.2) of the N = 2 super KP hierarchy. The
Poisson brackets among all the component fields are given in appendix A in
a basis which will be defined later.
TheW1+∞⊕W∞ structure of the bosonic sector, however, is not apparent
in our case from the Poisson bracket between two types of bosons, ub2i−1 and
ub2i. This is in contrast to the other supersymmetric algebras. We shall
establish that the bosonic sector of this algebra, indeed, has the required
W1+∞ ⊕W∞ structure [16]. This step is crucial in obtaining the free field
representation of the generators. To carry out this program, a suitable basis is
required. Notice that the odd bosons themselves u2i−1 form a closed algebra
(A5) and consequently for the odd bosons the new set of generators may
be constructed from a linear combination of the fields as considered in [14],
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namely
W˜n+1 =
2−nn!
(2n− 1)!!
n∑
l=0
(
n
l
)(
n+ l
l
)
u
b (n−l)
2l−1 (3.4)
Since the odd bosons form a closed algebra among themselves, the algebra of
the new set of generators are also closed and constitute the Wˆ1+∞ algebra.
Using the Poisson bracket amongst the component fields given in Appendix
A, we obtain following Poisson brackets for the lower order odd boson gen-
erators.
{W˜1, W˜1} = 0
{W˜2, W˜1} = W˜1∂δ(x − y)
{W˜2, W˜2} =
[
2W˜2∂ + W˜
′
2
]
δ(x− y)
{W˜3, W˜1} = 2W˜2∂δ(x− y)
{W˜3, W˜2} =
[
3W˜3∂ + W˜
′
3 +
1
6
W˜1∂
3
]
δ(x− y)
{W˜3, W˜3} =
[
4W˜4∂ + 2W˜
′
4 +
3
5
W˜ ′′2 ∂ + 2W˜3W˜1∂ −
1
3
W˜ ′′1 W˜1∂
−2W˜ 22 ∂ +
1
2
W˜ 21 ∂ + W˜
′
2∂
2 +
2
3
W˜3∂
3 +
2
15
W˜ ′′′2
+W˜ ′3W˜1 −
1
6
W˜ ′′′1 W˜1 − 2W˜ ′2W˜2 + W˜3W˜ ′1 +
1
3
W˜ ′′1 W˜
′
1
]
δ(x− y)
{W˜4, W˜1} =
[
3W˜3∂ +
1
10
W˜ ′′1 ∂ −
3
10
W˜ ′1∂
2 +
1
10
W˜1∂
3
]
δ(x− y)
{W˜4, W˜2} =
[
4W˜4∂ + W˜
′
4 +
7
10
W˜2∂
3
]
δ(x− y) (3.5)
In the even boson, ub2i sector, however, the Poisson bracket relation is
complex and it appears that the generators neither form a closed algebra
nor do they commute with the odd bosons. Apparently, therefore, the direct
sum structure is not maintained as required for the the supersymmetric W
algebra. This problem can be circumvented and for the even bosons also
a suitable basis with these desirable properties can be obtained. The first
step in making them commute is to redefine the even bosons as a linear
12
combination of odd and even bosons of equal spin as in [14].
vb2j = u
b
2j+1 + u
b
2j (3.6)
and similarly we choose a linear combination of generators for the odd fermions
vf2j−1 = u
f
2j−1 − uf2j (3.7)
In the linear super W∞ algebra, this is sufficient to ensure commutation be-
tween odd and even bosons, and thereby establish theW1+∞⊕W∞ structure,
but in this case it is observed that the odd bosons commute with only the
lowest spin even boson generator i.e.
{ub2j−1, vb0} = 0 (3.8)
and the Poisson brackets with higher even bosons vb2j (j 6= 0) are nonzero. In-
terestingly, nonlinear combinations of bosons and fermions exist which com-
mute with all odd bosons. This may be achieved, as the second step, by
taking the most general combinations of the fields of the appropriate con-
formal spin and the coefficient of the terms may be determined by allowing
them to commute with the odd bosons. This procedure can be carried out
for all even boson generators thereby yielding the mutually commuting set
of generators. The explicit expressions of a few even boson generators are
given below.
W2 = v
b
0
W3 = v
b
2 +
1
2
vb
′
0 + u
b
−1v
b
0 + u
f
0v
f
−1
W4 = v
b
4 + v
b′
2 +
1
5
vb
′′
0 + 2v
b
2u
b
−1 + u
f
2v
f
−1
+uf0v
f
1 + v
b′
0 u
b
−1 + u
f
0v
f ′
−1 + v
b
0u
b2
−1 + u
b
−1u
f
0v
f
−1 (3.9)
and so on. The distinguishing character of this set is that spin 3 and higher
generators are nonlinear. For the spin 3 generator it is a bilinear combination
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of bosonic as well as spin 3
2
generators. For the spin 4 generator, this com-
bination is more involved, having terms trilinear in the fields. This indicates
that for higher spin generators, the basis becomes more and more nonlinear.
But most importantly,these generators are such that the desired property is
exhibited, namely
{ub2j−1,W2} = 0
{ub2j−1,W3} = 0
{ub2j−1,W4} = 0 (3.10)
i.e. the new set of even boson generators commute with all the odd bosons.
Moreover the W boson generators produce the requisite form of Wˆ∞ algebra
as can be observed from the following Poisson bracket relations.
{W2,W2} = [−2W2∂ −W ′2] δ(x− y)
{W3,W2} = [−3W3∂ −W ′3] δ(x− y)
{W3,W3} =
[
−4W4∂ − 2W 22 ∂ −
9
20
W ′′2 ∂ − 2W ′4 − (W 22 )′
− 1
10
W ′′′2 −
3
4
W ′2∂
2 − 1
2
W2∂
3
]
δ(x− y)
{W4,W2} =
[
−4W4∂ −W ′4 −
2
5
W2∂
3
]
δ(x− y) (3.11)
This algebra is isomorphic to classical analogue of the Wˆ∞ algebra [11]. The
procedure outlined above, although straightforward, becomes extremely dif-
ficult to use in obtaining the still higher spin generators and to show the
closure of the algebra explicitly. To obtain the genenerators of higher spin
we employ a different strategy. The W4 generator, for example, may be ob-
tained straightforwardly from the {W3,W3} Poisson bracket algebra (3.11)
by ensuring the closure of the algebra following the classical analogue of the
Wˆ∞ algebra [11]. Importantly the W4 generator thus obtained matches with
that of (3.9), which commutes with the odd bosons (3.10) and the form is
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unique. Similarly, the explicit form of the W5 generator may be obtained
from the Poisson bracket relation, {W4,W3} by ensuring the closure of the
algebra following the classical analogue of Wˆ∞ algebra. It is found that the
leading term of the {W4,W3} algebra becomes vb6. This, indeed, ensures the
presence of the W5 generator in the algebra. The W5 generator exhibits the
explicit form
W5 = v
b
6 +
3
2
vb
′
4 +
9
14
vb
′′
2 +
1
14
vb
′′′
0 + 3u
b
−1v
b
4 + 3u
b
−1v
b′
2 + 3u
b2
−1v
b
2
+
3
2
ub
2
−1v
b′
0 + u
b3
−1v
b
0 − ub
′
−1v
b′
0 + u
b
−1v
b′′
0 +
1
7
(
ub
−1v
b
0
)
′′
+uf2v
f
1 + u
f
4v
f
−1 + u
f
0v
f
3 +
3
2
uf0v
f ′
1 −
1
2
uf
′
0 v
f
1 +
1
2
uf
′
2 v
f
−1
+
3
2
uf2v
f ′
−1 − uf
′
0 v
f ′
−1 + u
f
0v
f ′′
1 +
1
7
(
uf0v
f
−1
)
′′
+
1
2
ub
−1u
f ′
0 v
f
−1 −
1
2
ub
′
−1u
f
0v
f
−1
+
3
2
ub
−1u
f
0v
f ′
−1 + u
b2
−1u
f
0v
f
−1 + 2u
b
−1u
f
2v
f
−1 + 2u
b
−1u
f
0v
f
1 + u
b
1u
f
0v
f
−1 (3.12)
It is found by explicit calculation that the W5 generator commutes with the
odd bosons, ub2j−1. The spin six generator W6, in a similar way, may be
obtained from the Poisson bracket relation, {W4,W4}, whose leading term
turns out to be vb8. Thus the first three generators may be obtained by the
bootstrap approach and from spin four onwards all the generators may be
found following the above procedure. This strategy of obtaining bosonic
higher spin generators evidently guarantees the closure of the algebra being
isomorphic to the classical Wˆ∞ algebra. We have checked upto spin six
generators explicitly. But to obtain the explicit forms of all higher generators
becomes very difficult, although the strategy is quite clear. Moreover, this
strategy also ensures that in the bosonic limit the super Wˆ∞ reduces to the
Wˆ∞ algebra. In this way, we may establish the Wˆ1+∞⊕ Wˆ∞ structure in the
bosonic sector of the super Wˆ∞ algebra.
In the fermionic sector both the fermions, uf2i and v
f
2i−1 form closed al-
gebras (A2,A4) separately. This reveals that a linear representation such
as the one in [14] always exists for the fermions. We shall, however, show
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the existence a nonlinear basis for both the fermions in conjunction with the
odd bosons. This follows from the observation that the even fermions, uf2i as
well as the odd fermions, vf2i−1 and the odd bosons also satisfy separately a
subalgebra (see appendix A). Nonetheless, it turns out that nonlinear basis
has an interesting consequence. Both the fermions satisfy identical algebras
in the nonlinear basis with an added advantage of generating the minimal
algebra.
The new basis for the even fermion generators may be constructed as a
suitable nonlinear combination of even fermions uf2i and odd bosons u
b
2i−1 in
the form
J˜3/2 = −uf0
J˜5/2 = −uf2 − uf
′
0 + u
b
−1u
f
0
J˜7/2 = −uf4 − uf
′
2 −
5
4
uf
′′
0 + u
b
−1u
f
2 + u
b
1u
f
0 + u
b′
−1u
f
0 − ub
2
−1u
f
0 (3.13)
Thus the new set of generators become more and more nonlinear as in the
even boson case. But it is seen that the nonlinear basis for the even fermions
(3.13) can be recast in terms of the bilinears of the generators only as
J˜3/2 = −uf0
J˜5/2 = −uf2 + J˜ ′3/2 − W˜1J˜3/2
J˜7/2 = −uf4 + J˜ ′5/2 +
1
4
J˜ ′′3/2 − W˜1J˜5/2 + 2W˜1J˜ ′3/2
−W˜2J˜3/2 + 1
2
W˜ ′1J˜3/2 (3.14)
This demonstrates that all the even fermions, in general, can be written as
bilinears in J˜ and W˜ having the form
J˜n+3/2 = −uf2n +
2−n(n− 1)!
(2n− 1)!!
n−1∑
l=0
(
n
l
)(
n+ l + 1
l + 1
)
J˜
(n−l)
l+3/2
−
n−1∑
m=0
n−m−1∑
k=0
m∑
l=0
BnklC
n
ml(−1)k+lJ˜ (n−m−l−1)k+3/2 W˜m−ll+1 (3.15)
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(n = 0, 1, 2, . . .), where Bnkl and C
n
ml are the c-number coefficients. While the
values of Cnml can be easily extracted from (3.4) by determining u
b
2i−1 in terms
of W˜i+1, it appears that there is no straightforward procedure to determine
the explicit expressions of the Bnkl for arbitary spins. The closed algebras
among the even fermions and odd bosons strongly corroborates the existence
of a nonlinear basis for all higher spin generators and thereby ensuring the
coefficients Bnkl can always be determined for all higher spin generators. The
even fermions of higher spins may be obtained from (A1) and (A9) through
the Poisson brackets of the even fermions uf2k with theW2 and W˜2 generators,
{W2, uf2k} = −uf2k+2 −
k∑
m=0
(
k + 1
m+ 1
)
∂m+1uf2k−2m (3.16)
and
{W˜2, uf2k} = −uf2k+2 −
1
2
uf2k +
1
2
uf2k∂
+
k∑
l=0
(
k
l
)
uf0∂
lub2k−2l−1 −
k∑
l=0
(
k
l
)
ub
−1∂
luf2k−2l (3.17)
The presence of the uf2k+2 term in (3.16,3.17) clearly confirms that the next
higher spin generator can be generated from the preceding one. Finally,
(3.16) and (3.17) together with the closure of the fermion generators deter-
mine the higher spin generators explicitly. As a consequence, the closure of
the algebra among the even fermions is ensured in the nonlinear basis. To
show the closure property, the algebra among a few even fermion generators
are given below.
{J˜3/2, J˜3/2} = 0
{J˜5/2, J˜3/2} = 0
{J˜5/2, J˜5/2} = 2J˜ ′3/2J˜3/2δ(x− y)
{J˜7/2, J˜3/2} = −J˜ ′3/2J˜3/2δ(x− y)
{J˜7/2, J˜5/2} =
[
−3J˜5/2J˜ ′3/2 − 3 J˜5/2J˜3/2∂ + 2J˜ ′3/2J˜3/2∂
]
δ(x− y)
17
{J˜7/2, J˜7/2} =
[
6J˜ ′5/2J˜5/2 − 3J˜ ′5/2J˜ ′3/2 + 3J˜5/2J˜ ′′3/2 +
3
4
J˜ ′′3/2J˜
′
3/2
−5
4
J˜ ′′′3/2J˜3/2 −
5
2
J˜ ′′3/2J˜3/2∂ −
5
2
J˜ ′3/2J˜3/2∂
2
]
δ(x− y) (3.18)
It is interesting to note that unlike the linear algebra, the generators do
not commute among themselves. This is a significant departure from the
linear representation and compels one to make the free field representations
nonlinear as will be observed later. This difference becomes evident from
the spin 5/2 generator onwards. For example, the Poisson bracket of the
J˜5/2 generator with itself becomes nonzero. In fact, the self brackets of the
generators, in general, cannot be made to zero by any change of basis. Thus
the nonlinear algebra cannot be reduced trivially to the linear one. The
algebra of W˜ and W bosons with even fermions are given in appendix B.
The arguments regarding the existence of the nonlinear basis for the even
fermion generators stated above are also valid for the odd fermions since the
odd fermions vf2i−1 and the odd bosons u
b
2i−1 form a closed algebra among
themselves (A3,A4,A5). We can therefore generate a nolinear basis for the
odd fermions vf2i−1 as well in terms of odd fermions and the odd bosons
ub2i−1. For example a consistent nonlinear basis for a few odd fermions may
be identified as
J3/2 = v
f
−1
J5/2 = −vf1 + ub−1vf−1
J7/2 = v
f
3 + v
f ′
1 +
5
4
vf
′′
−1 − ub−1vf1 − ub1vf−1 − ub−1vf
′
−1 + u
b2
−1v
f
−1 (3.19)
It is straightforward to observe that the generators in (3.19) can be rewritten
as bilinear combinations of W˜ and J like the even fermions. This can also be
argued from the fact that odd fermions and odd bosons form a subalgebra
and thus can be generalised for other higher spin generators. The higher
spin generators, however, may be obtained from the lower ones following the
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Poisson bracket relations resulting from (A3,A8)
{W2, vf2k−1} = vf2k+1 − vf2k−1∂ + ub−1vf2k−1 − ub2k−1vf−1 (3.20)
{W˜2, vf2k−1} = vf2k+1 −
k−1∑
l=0
(
k − 1
l
)
ub
−1∂
luf2k−2l−3
+
[
k−1∑
m=0
(
k
m+ 1
)
+
1
2
k∑
m=0
(
k
m
)]
∂m+1vf2k−2m−1 (3.21)
and by demanding the closure of the algebra among the odd fermions. To
demonstrate the identical algebra among the odd fermions and the even
fermions in the nonlinear basis, we give below the algebra among a few odd
fermion generators explicitly.
{J3/2, J3/2} = 0
{J5/2, J3/2} = 0
{J5/2, J5/2} = 2J ′3/2J3/2δ(x− y)
{J7/2, J3/2} = −J ′3/2J3/2δ(x− y)
{J7/2, J5/2} =
[
−3J5/2J ′3/2 − 3J5/2J3/2∂ + 2J ′3/2J3/2∂
]
δ(x− y)
{J7/2, J7/2} =
[
6J ′5/2J5/2 − 3J ′5/2J ′3/2 + 3J5/2J ′′3/2 +
3
4
J ′′3/2J
′
3/2
−5
4
J ′′′3/2J3/2 −
5
2
J ′′3/2J3/2∂ −
5
2
J ′3/2J3/2∂
2
]
δ(x− y) (3.22)
The algebra of odd fermions with even fermions as well as with the bosons
are also given in appendix B.
The super Wˆ∞ algebra, in its own right, deserves to be a candidate for a
universal algebra, unifying all finite dimensional bosonic W algebras as well
as supersymmetric W algebras. The presence of classical analogue of Wˆ∞
algebra and a direct sum basis in the bosonic sector guarantees that all finite
dimensional bosonic W algebras can be obtained under suitable truncation.
Since the super Wˆ∞ algebra is a higher spin extension of N = 2 conformal
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algebra, it is expected to contain all finite dimensional N = 2 supersymmetric
W algebras, like the bosonic univeral algebra. But a systematic analysis of
the truncation of super Wˆ∞ algebra through some non-compact coset model
is yet to be studied.
4. Free-Field Representation
In this section we construct a consistent free field representation of the gen-
erators discussed in the earlier section. We will show that all the generators
can be represented by the free complex bosons, φ(x, t) and φ¯(x, t) and free
fermions ψ(x, t) and ψ∗(x, t), which satisfy the following Poisson bracket al-
gebras
{ψ∗(x), ψ(y)} = δ(x− y) (4.1)
and
{∂φ(x), ∂φ¯(y)} = ∂xδ(x− y) (4.2)
The nontrivial Poisson bracket algebras among the even fermions J˜n+3/2
(3.13,3.14,3.15) as well as odd fermions Jn+3/2 (3.19) ensure a significant
departure of the free field representations from the linear ones [16]. We will
see that the representations of the fermion generators become not only non-
linear, and in general exponential, but also a suitable combinations of both
types of bosons and fermions. This makes the free field representation dis-
tinct and important. In the bosonic sector such a nontrivial change in the
free field representation is not apparent from the Poisson bracket algebras of
the generators. But it will be observed that the nontrivial Poisson bracket
algebras of the fermions become responsible for a nontrivial change in the
free field representation of the bosons over the linear ones.
In order to reproduce the the Poisson brackets for the even fermion gen-
erators, the free field representation of all the generators, in general, turns
out to be exponential of the boson fields. The explicit forms of the represen-
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tation a few even fermions may be given in order to observe the change in
the fermion sector.
J˜3/2 = ψ
∗∂φeiǫφ2 (4.3)
J˜5/2 = [ψ
∗
′
∂φ+ ψ∗(a∂φ + b∂φ¯)∂φ − bψψ∗ψ∗′ ]eiǫφ2 (4.4)
J˜7/2 =
5
4
(ψ∗∂φeiǫφ2)′′ − ψ∗′(∂φeiǫφ2)′ + bψψ∗ψ∗′(eiǫφ2)′
+ψ∗
′
(a∂φ + b∂φ¯)∂φeiǫφ2 − ψ∗(a∂φ + b∂φ¯)(∂φeiǫφ2)′
+ψ∗(a∂φ + b∂φ¯)2∂φeiǫφ2 + bψ
′
ψ∗ψ∗
′
eiǫφ2
+2b2ψψ∗ψ∗
′
∂φ¯eiǫφ2 + 3abψψ∗ψ∗
′
∂φeiǫφ2 (4.5)
where, a, b and ǫ are real parameters and φ2 =
1
2i
(φ − φ¯). Notice that
the significant change of the free field representation becomes obvious from
J˜5/2 onwards. This is due to the presence of both ψ and ψ
∗ fields in the
representations, the presence of both the fields being essential to reproduce
the algebra (3.18). In fact, the presence of both kinds of fermions, ψ and ψ∗ is
inevitable to reproduce the nonzero algebras consistently in the even fermion
sector. An algorithmic procedure can be developed following (3.16,3.17) to
reproduce the free field representation of all even fermion generators, but it
involves explicit representations of the W2 and W˜2 generators, which will be
obtained later on. It is important to note that in order to reproduce the
even fermion algebras (3.18), the consistency condition demands that all the
parameters are not independent, but are related by
bǫ√
2
− aǫ√
2
− ab = 1 (4.6)
Evidently, two more parameters still remain arbitrary, which cannot be fixed
at the classical level. The quantization of the algebra may fix the arbitrary
parameters through its central charge. The relation (4.6) dictates that all the
parameters a, b and ǫ cannot be set to be zero simultaneously. This implies
the non-linear free field representation cannot be reduced to the linear one
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[16] trivially, which is a crucial observation and will also be seen in the odd
fermion sector.
The similar Poisson bracket structures of the odd fermions Jn+ 3
2
and the
even fermions J˜n+ 3
2
, however, indicate the similar free field representations
of the generators for the odd fermions. We give below the representations of
the odd fermions upto spin 7
2
. The other higher spin generators can be con-
structed in a similar fashion as in the even fermion case. The representations
of the odd fermions may given as
J3/2 = −ψ∂φ¯e−iǫφ2 (4.7)
J5/2 = [−ψ′∂φ¯ + ψ(a∂φ + b∂φ¯)∂φ¯ + aψψ∗ψ′]e−iǫφ2 (4.8)
J7/2 = −5
4
(ψ∂φ¯e−iǫφ2)′′ + ψ
′
(∂φ¯e−iǫφ2)′ − aψψ∗ψ′(e−iǫφ2)′
−ψ′(a∂φ + b∂φ¯)∂φ¯e−iǫφ2 − ψ(a∂φ + b∂φ¯)(∂φ¯e−iǫφ2)′
−ψ(a∂φ + b∂φ¯)2∂φ¯e−iǫφ2 − aψψ∗′ψ′e−iǫφ2
+2a2ψψ∗ψ
′
∂φe−iǫφ2 − 3abψψ∗ψ′∂φ¯e−iǫφ2 (4.9)
The complex nature of the representations of the odd and even fermions
ensure that the odd and fermions generators cannot be represented by a pair
of free fields and their complex conjugates, like the linear one. The nonzero
values of a and b make the representations different from each other. The
representations of other higher spin generators may follow from (3.20,3.21)
like the even fermion case.
In the bosonic sector, the free field representations become more involved.
To be precise, in the linear representation [16], theW1+∞ algebra was realized
in terms of the bilinears of a free fermion field and its cojugate whereas the
W∞ algebra was realized from the bilinears of a free complex scalar field
and its conjugate. This had the advantage of automatically ensuring the
direct sum basis of the generators of these algebras. But such a simple
representation cannot be considered in the present case. This, in turn, leads
to an inconsistency in the fermion sectors and consequently demands for a
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significant change in the free field representations in the bosonic sector.
For the odd bosons we have the following consistent representation. The
linear part of the representation may be written in terms of the fermion
bilinears. Thus the lowest one is identical to that of the linear representation,
namely
W˜1 = −ψ∗ψ (4.10)
On the other hand in spin 2, we have trilinear terms,
W˜2 = −1
2
(ψ∗
′
ψ − ψ∗ψ′)− ψ∗ψ(a∂φ + b∂φ¯) (4.11)
and this is the most general form of the spin 2 generator, but involving
complex boson fields. From spin three onwards the representation becomes
complicated having more and more nonlinear combinations of the free fields.
We will therefore follow a different strategy from spin three onwards. Fol-
lowing a similar procedure as in the odd boson case, we can obtain the spin
2 generator of the other sector. The most general form of the W2 generator
is
W2 = −∂φ∂φ¯ − ψ∗ψ(a∂φ + b∂φ¯) (4.12)
which commutes with odd bosons. For both the spin 2 generators the last
term turns out to be trilinear and more so this is the only possible term that
exists at the spin 2 level being a mixture of bosonic and fermionic fields.
For higher spin generators, however, the representations of both types of
the bosonic generators may be obtained from the leading order terms of the
Poisson brackets, {J˜n+3/2, J3/2}, the J˜n+3/2 being given in (3.15). This will
immediately follow from the Poisson bracket relation (A7),
{uf2n, vf−1} =
[
(ub2n+1 − vb2n)−
n∑
m=0
(
n+ 1
m+ 1
)
(−1)mub2n−2m−1∂m+1
]
δ(x− y)
(4.13)
The leading order terms in (4.13) evidently will be a combination of (W˜j+2−
Wj+2) term and the suitable combinations of lower order spin terms. The rep-
resentation of Wj+2 generator and consequently the W˜j+2 generator may be
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obtained explicitly by exploiting the commuting property of W and W˜ gen-
erators and from the Poisson bracket relation {Wj+2,W2}. The consistency
of these representations may be checked by comparing the algebra among the
other bosonic generators. For example, the free field representations W˜3 and
W3 generators may be obtained as follows. The Poisson bracket {J˜5/2, J3/2}
using the free field representations of the fermion generators J˜5/2 and J3/2
(4.4,4.7) is found to be
{J˜5/2, J3/2} =
[
−∂φ∂2φ¯+ ǫ√
2
∂φ∂φ¯(∂φ − ∂φ¯)− ∂φ∂φ¯(a∂φ + b∂φ¯)
−ψ∗′ψ′ − 2aψ∗ψ′∂φ− bψ∗ψ′∂φ¯+ ψ∗′ψ∂φ¯
+a
ǫ√
2
ψ∗ψ(∂φ)2 − b ǫ√
2
ψ∗ψ(∂φ¯)2 − bψ∗ψ∂2φ¯
−
(
∂φ∂φ¯ + ψ∗
′
ψ + 2ψ∗ψ(a∂φ + b∂φ¯)
)
∂
]
δ(x− y) (4.14)
comparing the same with the Poisson bracket of generators J˜5/2 and J3/2
(B14) allows us to determine the free field representation of W3 − W˜3 from
the leading order term since the free field representation of the non leading
order terms are already known. Explicitly,
W3 − W˜3 = 1
2
[∂2φ∂φ¯ − ∂φ∂2φ¯] + (−a + ǫ√
2
)(∂φ)2∂φ¯− (b+ ǫ√
2
)∂φ(∂φ¯)2
+
1
2
ψ∗ψ(a∂2φ− b∂2φ¯)− ψ∗ψ(a∂φ + b∂φ¯)2 + 2∂φ∂φ¯ψ∗ψ
+
ǫ√
2
ψ∗ψ[a(∂φ)2 − b(∂φ¯)2]− 1
2
(ψ∗
′
ψ + ψ∗ψ
′
)(a∂φ − b∂φ¯)
+
1
6
(ψ∗
′′
ψ − 4ψ∗′ψ′ + ψ∗ψ′′) + ψ∗ψ(a∂φ + b∂φ¯)2
+(ψ∗
′
ψ − ψ∗ψ′)(a∂φ + b∂φ¯) (4.15)
Next, we determine the Poisson bracket between W3−W˜3 and W2. Since the
odd and even boson generators commute (3.10), this operation allows one to
find W3 from (3.11) and hence W˜3. This procedure eventually leads to the
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following explicit forms of spin 3 generators
W˜3 = −1
6
(ψ∗
′′
ψ − 4ψ∗′ψ′ + ψ∗ψ′′)− ψ∗ψ(a∂φ+ b∂φ¯)2
−(ψ∗′ψ − ψ∗ψ′)(a∂φ + b∂φ¯) (4.16)
W3 =
1
2
[∂2φ∂φ¯ − ∂φ∂2φ¯] + (−a + ǫ√
2
)(∂φ)2∂φ¯ − (b+ ǫ√
2
)∂φ(∂φ¯)2
+
1
2
ψ∗ψ(a∂2φ− b∂2φ¯)− ψ∗ψ(a∂φ + b∂φ¯)2 + 2∂φ∂φ¯ψ∗ψ
+
ǫ√
2
ψ∗ψ[a(∂φ)2 − b(∂φ¯)2]− 1
2
(ψ∗
′
ψ + ψ∗ψ
′
)(a∂φ − b∂φ¯) (4.17)
where a and b are the same parameters, already introduced in the fermionic
sectors. Notice that the spin 3 generators acquire a complex structure and
possess terms quadrilinear in free fields. In a similar manner both the spin
four generators may be obtained from the Poisson bracket {J˜7/2, J3/2}. This
constitutes an algorithmic procedure by means of which free field represen-
tations of the higher spin generators may be constructed. The relation (4.6)
dictates the both the parameters a and b cannot be set to be zero simul-
taneously, making the representation essentially nonlinear. The presence of
an admixture of the bosonic and fermionic terms, on the other hand, makes
the representation of bosonic sector nontrivial, unlike the linear case. Impor-
tantly, even with the presence of the fermionic and bosonic fields together, we
observe that the odd bosons commute with the even bosons. All the higher
spin generators may be constructed from the algebra amongst the even and
odd fermionic generators (4.13) and consistency of these representations may
be checked by comparing the algebra among the bosonic generators. But the
explicit forms of the higher spin generators in terms of the free fields be-
come more and more complicated as observed from the spin 3 generators
(4.16,4.17). However, the strategy is quite clear.
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5. Conclusion
In this paper we have shown that N = 2 KP hierarchy associated with non-
standard flows are biHamiltonian, one of the Hamiltonian structures being
nonlocal. To show the existence of biHamiltonian structures is not straight-
forward, as it is an intricate process to obtain the correct Poisson bracket
which makes the N = 2 KP flows Hamiltonian. Since one of the Hamilto-
nian structures is local, it becomes a candidate for a nonlinear super Wˆ∞
algebra which is a higher spin extension of N = 2 superconformal algebra.
The bosonic sector correctly reproduces the Wˆ1+∞ ⊕ Wˆ∞ structure with an
appropriate choice of basis. To be explicit, in the even boson sector the basis
becomes highly nontrivial and nonlinear. But we have evoked a novel strat-
egy to obtain all the generators. Consequently, the Wˆ∞ algebra becomes
isomorphic to the classical analogue of the nonlinear symmetry considered
in [11]. This ensures that the nonlinear super Wˆ∞ algebra under suitable
reduction truncates and gives rise to all finite dimensional bosonic algebras.
In the fermionic sector, the odd and even fermions also form closed algebras
among themselves in a suitable basis. It turns out that the algebra among
both kinds of fermions becomes distinctly different from the linear algebra
and more so they form identical algebra among themselves. The super Wˆ∞
algebra thus deserves to be a universal algebra unifying all finite dimensional
bosonic as well as fermionic W algebras.
The free field representations of the N = 2 nonlinear super Wˆ∞ algebra
are obtained in terms of free complex bosons and fermions. These repre-
sentations cannot be reduced to the linear one trivially. This is due the
constraint condition (4.6). Moreover, the representation of the bosonic gen-
erators in terms of the free fields possesses a more complex structure having
an admixture of complex bosons as well as fermions. But at the same time
the odd and the even bosonic generators mutually commute with each other
maintaining Wˆ1+∞ ⊕ Wˆ∞ structure. This is a nontrivial generalisation in
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contrast to the linear representation of the N = 2 super Wˆ∞ algebra. In
the fermionic sector the most general representations become exponential in
terms of the free fields. The free field representations of the N = 2 nonlinear
super Wˆ∞ algebra, in fact, is a major breakthrough in classifying N = 2
super conformal algebras.
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Appendix A
Poisson bracket algebra amongst the component fields ub2i, u
b
2i−1, u
f
2i and
uf2i−1.
{
ub2j−1(x), u
f
2k(y)
}
=

− j∑
m=0
(
j
m
)
(−1)muf2j+2k−2m∂m
+
j−1∑
m=0
k∑
l=0
(
j − 1
m
)(
k
l
)
(−1)muf2j−2m−2∂m+lub2k−2l−1
−
j−1∑
m=0
k−1∑
l=0
(
j
m+ 1
)(
k
l + 1
)
(−1)mub2j−2m−3∂m+l+1uf2k−2l−2
+
k−1∑
n=0
k−n−1∑
l=0
(
k − n− 1
l
)
uf2n∂
lub2j+2k−2n−2l−3
−
j+k−n−l−1∑
m=0
k∑
n=0
k−n∑
l=0
(
j − 1
m
)(
n + l − 1
l
)
(−1)m
×uf2j+2k−2m−2n−2l−2∂m+lub2n−1
]
δ(x− y) (A1)
{
uf2j(x), u
f
2k(y)
}
=
− j−1∑
m=0
k−1∑
l=0
(
j
m+ 1
)(
k
l + 1
)
(−1)muf2j−2m−2∂m+l+1uf2k−2l−2
−
k−1∑
n=0
k−n−1∑
l=0
(
k − n− 1
l
)
uf2n∂
luf2j+2k−2n−2l−2
+
j+k−n−l−1∑
m=0
k−1∑
n=0
k−n−1∑
l=0
(
j
m
)(
n+ l
l
)
×(−1)muf2j+2k−2m−2n−2l−2∂m+luf2n
]
δ(x− y) (A2)
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{
ub2j−1(x), v
f
2k−1(y)
}
=
[
k∑
m=0
(
k
m
)
∂mvf2j+2k−2m−1
+
j−1∑
m=0
k−1∑
l=0
{(
j − 1
m
)(
k − 1
l
)
−
(
j
m+ 1
)(
k
l + 1
)}
×(−1)mub2j−2m−3∂m+l+1vf2k−2l−3
+
k−1∑
n=0
k−n−1∑
l=0
(
k − n− 1
l
)
ub2n−1∂
lvf2j+2k−2n−2l−3
−
j+k−n−l−1∑
m=0
k−1∑
n=0
k−n−1∑
l=0
(
j − 1
m
)(
n+ l − 1
l
)
×(−1)mub2j+2k−2m−2n−2l−3∂m+lvf2n−1
]
δ(x− y) (A3)
{
vf2j−1(x), v
f
2k−1(y)
}
=
 j−1∑
m=0
k−1∑
l=0
{(
j − 1
m
)(
k − 1
l
)
−
(
j
m+ 1
)(
k
l + 1
)}
×(−1)mvf2j−2m−3∂m+l+1vf2k−2l−3
+
k−1∑
n=0
k−n−1∑
l=0
(
k − n− 1
l
)
vf2n−1∂
lvf2j+2k−2n−2l−3
−
j+k−n−l−1∑
m=0
k−1∑
n=0
k−n−1∑
l=0
(
− 1
m
)(
n+ l − 1
l
)
×(−1)mvf2j+2k−2m−2n−2l−3∂m+lvf2n−1
]
δ(x− y) (A4)
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{
ub2j−1(x), u
b
2k−1(y)
}
=

− j∑
m=0
(
j
m
)
(−1)mub2j+2k−2m−1∂m
+
k∑
m=0
(
k
m
)
∂mub2j+2k−2m−1
+
j−1∑
m=0
k−1∑
l=0
{(
j − 1
m
)(
k − 1
l
)
−
(
j
m+ 1
)(
k
l + 1
)}
×(−1)mub2j−2m−3∂m+l+1ub2k−2l−3
+
k−1∑
n=0
k−n−1∑
l=0
(
k − n− 1
l
)
ub2n−1∂
lub2j+2k−2n−2l−3
−
j+k−n−l−1∑
m=0
k−1∑
n=0
k−n−1∑
l=0
(
j − 1
m
)(
n+ l − 1
l
)
×(−1)mub2j+2k−2m−2n−2l−3∂m+lub2n−1
]
δ(x− y) (A5)
{
vb2j(x), v
b
2k(y)
}
=
 j+1∑
m=0
(
j + 1
m
)
(−1)mvb2j+2k−2m+2∂m −
k+1∑
m=0
(
k + 1
m
)
∂mvb2j+2k−2m+2
−
j−1∑
m=0
k−1∑
l=0
(
j
m+ 1
)(
k
l + 1
)
(−1)mvb2j−2m−2∂m+l+1vb2k−2l−2
−
k∑
l=0
(
k
l
)
ub
−1∂
lvb2j+2k−2l −
k∑
l=0
(
k
l
)
uf2j∂
lvf2k−2l−1
+
j∑
m=0
(
j
m
)
(−1)mvb2j+2k−2m∂mub−1 −
j∑
m=0
(
j
m
)
(−1)mvf2j−2m−1∂muf2k
−
k−1∑
n=0
k−n−1∑
l=0
(
k − n− 1
l
)
vb2n∂
lvb2j+2k−2n−2l−2
+
j+k−n−l−1∑
m=0
k−1∑
n=0
k−n−1∑
l=0
(
j
m
)(
n+ l
l
)
×(−1)mvb2j+2k−2m−2n−2l−2∂m+lvb2n
]
δ(x− y) (A6)
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{
uf2j(x), v
f
2k−1(y)
}
=
 j+1∑
m=0
(
j + 1
m
)
(−1)mub2j+2k−2m+1∂m −
k∑
m=0
(
k
m
)
∂mvb2j+2k−2m
−
j−1∑
m=0
k−1∑
l=0
(
j
m+ 1
)(
k
l + 1
)
(−1)muf2j−2m−2∂m+l+1vf2k−2l−3
−
j∑
m=0
(
j
m
)
(−1)mub2j−2m−1∂mub2k−1 +
j∑
m=0
(
j
m
)
(−1)mub2j+2k−2m−1∂mub−1
−
k−1∑
n=0
k−n−1∑
l=0
(
k − n− 1
l
)
uf2n−1∂
lub2j+2k−2n−2l−2
+
j+k−n−l−1∑
m=0
k−1∑
n=0
k−n−1∑
l=0
(
j
m
)(
n+ l
l
)
×(−1)mub2j+2k−2m−2n−2l−3∂m+lvb2n
]
δ(x− y) (A7)
{
vb2j(x), v
f
2k−1(y)
}
=

 j+1∑
m=0
(
j + 1
m
)
(−1)mvf2j+2k−2m+1∂m
−
j−1∑
m=0
k−1∑
l=0
(
j
m+ 1
)(
k
l + 1
)
(−1)mvb2j−2m−2∂m+l+1vf2k−2l−3
+
j∑
m=0
(
j
m
)
(−1)mvf2j+2k−2m−1∂mub−1
−
j∑
m=0
(

m
)
(−1)mvf2j−2m−1∂mub2k−1
−
k−1∑
n=0
k−n−1∑
l=0
(
k − n− 1
l
)
vf2n−1∂
lvb2j+2k−2n−2l−2
+
j+k−n−l−1∑
m=0
k−1∑
n=0
k−n−1∑
l=0
(
j
m
)(
n+ 1
l
)
×(−1)mvf2j+2k−2m−2n−2l−3∂m+lvb2n
]
δ(x− y) (A8)
31
{
vb2j(x), u
f
2k(y)
}
=
[
−
k+1∑
m=0
(
k + 1
m
)
∂muf2j+2k−2m+2
−
j−1∑
m=0
k−1∑
l=0
(
j
m+ 1
)(
k
l + 1
)
(−1)mvb2j−2m−2∂m+l+1uf2k−2l−2
+
k∑
l=0
(
k
l
)
uf2j∂
lub2k−2l−1 −
k∑
l=0
(
k
l
)
ub
−1∂
luf2j+2k−2l
−
k−1∑
n=0
k−n−1∑
l=0
(
k − n− 1
l
)
vb2n∂
luf2j+2k−2n−2l−2
+
j+k−n−l−1∑
m=0
k−1∑
n=0
k−n−1∑
l=0
(
j
m
)(
n+ l
l
)
×(−1)mvb2j+2k−2m−2n−2l−2∂m+luf2n
]
δ(x− y) (A9)
{
ub2j−1(x), v
b
2k(y)
}
=
− j−1∑
m=0
k∑
l=0
(
j − 1
m
)(
k
l
)
(−1)muf2j−2m−2∂m+lvf2k−2l−1
−
j−1∑
m=0
k−1∑
l=0
(
j
m+ 1
)(
k
l + 1
)
(−1)mub2j−2m−3∂m+l+1vb2k−2l−2
−
k−1∑
n=0
k−n−1∑
l=0
(
k − n− 1
l
)
uf2n∂
lvf2j+2k−2n−2l−3
+
j+k−n−l−1∑
m=0
k∑
n=0
k−n∑
l=0
(
j − 1
m
)(
n+ l − 1
l
)
×(−1)muf2j+2k−2m−2n−2l−2∂m+lvf2n−1
]
δ(x− y) (A10)
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Appendix B
The Poisson brackets between odd bosons and even fermions are
{W˜1, J˜3/2} = −J˜3/2δ(x− y) (B1)
{W˜2, J˜3/2} =
[
−J˜5/2 + 1
2
J˜ ′3/2 +
1
2
J˜3/2∂ − W˜1J˜3/2
]
δ(x− y) (B2)
{W˜1, J˜5/2} =
[
−J˜5/2 + J˜ ′3/2 + J˜3/2∂
]
δ(x− y) (B3)
{W˜2, J˜5/2} =
[
−J˜7/2 + 1
2
J˜ ′5/2 +
3
4
J˜ ′′3/2 − W˜1J˜5/2
+
3
2
J˜5/2∂ − J˜ ′3/2∂ −
1
2
J˜3/2∂
2
]
δ(x− y) (B4)
The Poisson brackets between odd bosons and odd fermions are:
{W˜1, J3/2} = J3/2δ(x− y) (B5)
{W˜2, J3/2} =
[
−J5/2 + 1
2
J ′3/2 +
1
2
J3/2∂ + W˜1J3/2
]
δ(x− y) (B6)
{W˜1, J5/2} =
[
J5/2 − J ′3/2 − J3/2∂
]
δ(x− y) (B7)
{W˜2, J5/2} =
[
−J7/2 + 1
2
J ′5/2 +
3
4
J ′′3/2 + W˜1J5/2
+
3
2
J5/2∂ − J ′3/2∂ −
1
2
J3/2∂
2
]
δ(x− y) (B8)
The Poisson brackets between even bosons and even fermions are:
{W2, J˜3/2} =
[
−J˜5/2 − J˜3/2∂ − W˜1J˜3/2
]
δ(x− y) (B9)
{W2, J˜5/2} =
[
−J˜7/2 − J˜ ′5/2 +
5
4
J˜ ′′3/2 − W˜1J˜5/2 − J˜5/2∂
]
δ(x− y)(B10)
The Poisson brackets between even bosons and odd fermions are:
{W2, J3/2} =
[
−J5/2 − J3/2∂ + W˜1J3/2
]
δ(x− y) (B11)
{W2, J5/2} =
[
−J7/2 − J ′5/2 +
5
4
J ′′3/2 + W˜1J5/2 − J5/2∂
]
δ(x− y)(B12)
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The Poisson bracket between even fermions and odd fermions are:
{J˜3/2, J3/2} =
[
−W˜2 +W2 + 1
2
W˜ ′1 + W˜1∂
]
δ(x− y) (B13)
{J˜3/2, J5/2} =
[
W˜3 −W3 − W˜ ′2 −
1
2
W ′2 − W˜2W˜1 + 2W2W˜1
+
3
2
W˜ ′1W˜1 +
1
3
W˜ ′′1 −
(
W˜2 +W2 − 1
2
W˜ ′1 − W˜ 21
)
∂
]
δ(x− y) (B14)
{J˜5/2, J3/2} =
[
−W˜3 +W3 + 1
2
W ′2 + W˜2W˜1 − 2W2W˜1
−1
2
W˜ ′1W˜1 +
1
6
W˜ ′′1 +
(
W˜2 +W2 +
1
2
W˜ ′1 − W˜ 21
)
∂
]
δ(x− y) (B15)
{J˜5/2, J5/2} =
[
W˜4 −W4 − 1
2
W˜ ′3 −W ′3 − W˜3W˜1 + 3W2W˜1
+W2W˜2 +
3
2
W ′2W˜1 +
1
6
W˜ ′2W˜1 +
3
2
W2W˜
′
1 + W˜2W˜
′
1 − 3W2W˜ 21
+W˜2W˜
2
1 −
3
10
W ′′2 −
1
10
W˜ ′′2 − W˜ 22 +
1
12
W˜ ′′1 W˜1 +
3
4
W˜ 21
+
1
12
W˜ ′′′1 −
3
2
W˜ ′1W˜
2
1 − J ′3/2J˜3/2 −
(
W˜3 + 2W3 − 3W2W˜1 − 2W˜2W˜1
−1
6
W˜ ′′1 +W
′
2 − W˜ 31 + J3/2J˜3/2
)
∂ −W2∂2
]
δ(x− y) (B16)
and so on.
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